In XXZ chains, spin transport can be significantly suppressed when the anisotropy in the chain and the bias of the dissipative driving are large enough. This phenomenon of negative differential conductance is caused by the formation of two oppositely polarized ferromagnetic domains at the edges of the chain. Here we consider the effect of a non-uniform, or disordered, magnetic field. We show that, while in general disorder reduces the current, in the regime of negative differential conductance disorder can enhance currents. This effect is limited and more pronounced in shorter spin chains. We consider different types of disorder distributions: uniform, algebraic and dichotomous. Analyzing in detail the effects of dichotomous disorder we find a resonant behavior with peaks of currents related to avoided crossings in the energy spectrum of the spin chain. Furthermore, by studying the effect of all possible configurations of the magnetic field, we find a configuration which results in a very strong spin current rectification, thus turning the spin chain into an effective diode.
I. INTRODUCTION
Quantum spin systems exhibit rich transport properties. For instance, tuning the interactions in the system, spin transport can change from ballistic to diffusive [1] [2] [3] . One effect that is particularly relevant for our work is the emergence of negative differential conductance (NDC), that is the phenomenon whereby the spin current decreases as the bias imposed by the spin baths increases [4, 5] . Such an apparently counterintuitive phenomenon is due to the fact that the interplay between the dissipative driving and the interactions in the system result in the formation of ferromagnetic domains at the edges of the chain, which significantly suppress the spin current. The effect can be so strong that the spin chain becomes an insulator. The addition of dephasing, which typically suppresses the current, results in an enhancement of the current by reducing the ferromagnetic domains [6] . Here, instead, we investigate how disorder affects the NDC.
It should be pointed out that disorder can strongly affect the transport properties of a system. A disordered non-interacting spin system is an Anderson insulator, with exponentially localized states [7] . In presence of disorder and interactions, a system may be many-body localized [8, 9] . It has also been presented that, before the many-body localization transition, transport may be subdiffusive [10] [11] [12] . Hence, generically, disorder slows down or impede transport. At the same time, in the context of negative differential conductance, and in particular of the ferromagnetic domains that cause it, disorder could weaken the order in the domains and thus allow larger spin currents.
Hence, here we study a boundary driven spin chain in the NDC regime with an external disordered magnetic field. In order to obtain more generic conclusions we consider three different types of disorder realizations: (i) uniformly distributed, (ii) algebraically distributed and (iii) dichotomous, i.e. the disorder only takes two possible values. Regardless of the nature of disorder, we find that the NDC regime is robust against disorder, although we find a reduction of NDC and a corresponding enhancement of current in presence of strong external dissipative bias. We show that this is due to the reduction of the ferromagnetic domains. We point out that the current enhancement is limited in size, and it is more prominent for shorter spin chains. For the particular case of dichotomous disorder, we find that the current is enhanced at some particular magnitudes of disorder, which are due to the interplay between the dissipative boundary driving and the energy level structure of the spin chain. A more detailed study of the effect of different dichotomous realizations of the magnetic field show that two configurations, such that the magnetic field is in one direction in half of the chain and in the other direction for the other half, strongly enhance or even more strongly suppress the ferromagnetic domains. This results, respectively, in the smallest or largest spin currents between all the possible dichotomous realizations of the magnetic field. Since these two configurations are mirror-symmetric, we study the rectification properties of a strongly interacting chain with this external magnetic field, and we show that spin current rectification can be of the order of 10 8 . This adds significantly to the recent results on rectification in spin chains with no disorder, [13, 14] , with disorder [15] or with external fields at the edges [16] .
II. MODEL
We consider an XXZ spin chain of length L with the following Hamiltonian
whereσ ± i are the raising and lowering operators acting on site i andσ z i is a Pauli spin matrix. J and J zz denote the tunneling strength and magnitude of the nearest neighbor interaction respectively. In the following, the interplay between tunneling and interaction will be parameterized by the anisotropy defined as ∆ = J zz /J. We use h i for the local field.
The chain is coupled to two spin baths at the edges and we model the evolution via a GKSL master equation [17, 18] 
where the Γ n are the jump operators given by
Here γ describes the system-reservoir coupling strength and µ L (µ R ) is the left (right) dissipation bias. We choose a symmetric driving at the boundaries, i.e. µ L,R = (1 ∓ µ)/2. Thus, µ ≡ µ R − µ L ∈ [0, 1] is the dissipative boundary driving bias due to the reservoirs. In the limiting case when µ = 1 so that µ L = 0 and µ R = 1, the left reservoir tries to impose spins up to spins down conversions, while the right reservoir would do the opposite, only converting spins down to spins up. The non-equilibrium steady state (NESS) of the system,ρ ss , is computed by setting the time derivative to zero in Eq.(2) and using exact diagonalization. The spin current J is defined by the continuity equation for local magnetisationσ z i , so that J = Tr(ĵ iρss ), wherê
In the following we work in units for which J and are 1.
To broaden the scope of our results, we consider three different distributions that have markedly different characteristics. We consider a dichotomous distribution, for which, on each site, the local field h i can take only the two discrete values ±h with equal probabilities. For this distribution the average is 0 and the variance is h 2 . We also use a uniform distribution for which the local field can take any value in the interval [−b, b], which has the zero mean and variance of b 2 /3. In addition, we consider an algebraic distribution which has unbounded support and power-law tails, i.e. p(x) = A/((cx) 4 + 1) with A = √ 2c/π which has 0 mean and variance of 1/c 2 . In order to compare fairly the three distributions, i.e. so that their first two moments are identical, we set b = √ 3h, c = 1/h. In our simulations we consider up to 5000 disorder realizations for the uniform and the algebraic distributions, while for dichotomous noise we use all 2 L possible disorder realizations. To analyse the effect of disorder on the transport properties in the NDC regime, in Fig.1 (a-f) we plot the steady-state spin current J versus bias µ. In Fig.1(a,b) we consider the disorder to be uniformly distributed, in Fig.1(c,d ) dichotomous disorder and in Fig.1 (e,f) the algebraic distribution. In the absence of disorder (black solid line), there is a strong negative differential conductance, which significantly reduces the current for larger values of µ. The origin of NDC can be traced back to the formation of ferromagnetic domains at the two edges of the chain at large biases [4, 5] . The remaining lines in Figs.1(a-f) correspond to different magnitudes of disorder. The presence of disorder has two effects: for small to intermediate values of the bias µ, disorder reduces the current, however, for µ ≈ 1 the current for the disordered case can be larger than that of the clean case. This is shown more clearly in Figs.1(b,d,f) which are an enlargement of the regions in the dashed boxes of, respectively, panels (a,c,e). While the NDC effect is reduced, it seems that even for these small systems, the NDC is generically robust. We are thus set to analyze the current at the maximum bias µ = 1 for different types and magnitudes of the disordered magnetic field. In Fig.1(g) we plot the current J as a function of h/∆ for µ = 1 and for different types of disorder: dichotomous noise (blue dotted line), uniformly distributed (green dashed line) and algebraically distributed (red dashed line). Here we observe more clearly that increasing disorder can, deeply in the regime of NDC, lead to significant increase of spin current. We also notice a resonant response for the dichotomous noise which we will study in more detail later. To investigate the response of the ferromagnetic domains to disorder, we study the magnetization profile in the chain at µ = 1 in Fig. 2 . Here panels (a,c) are for L = 6, and panels (b,d) for L = 8, while a weaker disorder h = 2 is considered for panels (a,b), and a larger one, h = 4, for panels (c,d). In clean chains (continuous line), two oppositely polarized magnetic domains are present, thus inhibiting the current. The results of the disordered chains are depicted by the other lines, following the representation of Fig.1(g) . In the presence of disorder we find that the size of domains are reduced favoring transport across the chain, and resulting in larger currents compared to the chain without disorder. However we also note that even for large disorder, ferromagnetic domains, although reduced, persist near the edges. From Figs.1 and 2 we notice that for small and large disorder strengths, the two disorder distributions give very similar results. In Fig.1(g) , for the dichotomous disorder case, we observed a non-monotonous behavior of the current as a function of the magnitude of disorder h. We thus study this phenomenon more in detail in Fig.3 . Here we plot the current versus disorder strength h/∆ at maximal driving µ = 1 for different system sizes L, and for different anisotropies ∆. In particular we present the cases for L = 4 in panel (a), L = 6 in panel (b), and L = 8 in panel (c), while the solid continuous lines corresponds to ∆ = 2, the red dashed line to ∆ = 4, the green dashdotted line to ∆ = 6, and the black dotted line to ∆ = 8. Larger anisotropies result in more defined peaks, hence to a large relative increase of the current compared to the case without disorder h = 0, although overall the current is reduced when the anisotropy's magnitude is greater. For larger system sizes the number of peaks increases which, as we will show later, is due to the more complex structure of the system Hamiltonian. Figure 4 : Spin current J as a function of disorder strength h for system sizes L = 4 (a), L = 6 (b) and L = 8 (c). Different lines corresponds to each of the 2 L configurations of dichotomous disorder. We highlight two magnetic field realizations from the disorder distribution: with the red dot-dashed line we show the current for a field which is h for the first half of the chain, and −h for the second half of the chain, which we refer to as (+, . . . , +, −, . . . , −), and with the blue dashed line the realization in which the field is −h in the first half of the chain and h in the second half (−, . . . , −, +, . . . , +). The average of all disorder realizations, which is the equivalent to the dichotomous disorder distribution plot in Fig. 3 , is shown as thick pink continuous line. Common parameters are ∆ = 4, γ = 1 and µ = 1. Peaks of the red-dotted line in panel (a) are signalled by a think black dashed line.
III. RESULTS
Note that dichotomous distribution is equivalent to the average of 2 L possible disorder configurations with local field h i as either +h or −h. To gain better understanding, we plot the current contribution from different configurations in Fig.4 . In particular we highlight with a red-dotted line the curve corresponding generally to the disorder configuration which results in the largest current, and with the blue-dashed line the configuration corresponding to the smallest current, while the curves corresponding to all the other disorder configurations are thin and grey. With the pink continuous line we show the average of all the possible disorder configurations. In the three panels we present the cases with L = 4, panel (a), L = 6, panel (b) and L = 8, panel (c). In all the panels of Fig.4 we observe that the disorder configuration corresponding to the largest current is such that the local magnetic field is positive in the first half of the chain, and negative in the second half, which we indicate by (+, +, −, −), (+, +, +, −, −, −) and (+, +, +, +, −, −, −, −) respectively in panels (a-c). On the contrary, the configuration corresponding to the smallest current is such that the local magnetic field is negative in the first half of the chain and positive in the second half, i.e. (−, −, +, +), (−, −, −, +, +, +) and (−, −, −, −, +, +, +, +). Fig.4(a) . The color used for the eigenenergies corresponds to the overlap between the eigenvector and the state | ↓↓↑↑ . Parameters: L = 4, Γ = 1, µ = 1, ∆ = 4.
We now analyze in more detail the origin of the peaks in the current vs disorder strengths in Fig.3 and Fig.4 for the dichotomous disorder. The peaks occur at values of h ≈ ∆/2 and ∆, which hints that this could be due to the energy level structure of the system Hamiltonian. So here we consider two things: (i) that in the strong NDC regime without external magnetic field, the steady state is well approximated by a product state with half spins up and half spins down [4, 5] , and (ii) that the magnetic field configuration which more strongly affects NDC is such that the magnetic field points up for the first half of the chain and down for the other half (thus going against the ferromagnetic domains). We thus study the energy spectrum of the Hamiltonian as a function of the disorder strength for a magnetic field configuration (+, · · · +, −, · · · −). In Fig.5 we show the different eigenergies E s for ∆ = 4 and system size L = 4. For each disorder magnitude h we plot a point to indicate the value of the energy. We also use a different color for each point depending on the overlap of the corresponding eigenvector |ψ s with the state | ↓↓↑↑ , i.e. | ψ s | ↓↓↑↑ | 2 . With vertical dashed lines we show the position of the peaks of current for system size L = 4, as taken from Fig.4 . In this way we can indeed show that the avoided crossings correspond with the maxima of the current.
In Fig.4 we noted that two particular configurations of the magnetic field correspond to the largest and the smallest currents. This is due to the fact that the configuration (−, . . . , −, +, . . . , +) favors the formation of the magnetic domains which inhibit transport, thus ensuring a very small current, while the configuration (+, . . . , +, −, . . . , −) is the one which best disfavours the formation of the ferromagnetic domains, and thus significantly facilitate transport. Interestingly, one can prepare a chain with an external magnetic field which is in one direction for half the chain and in the other direction for the other half, and then one can invert the bias from the baths. This would result in very different currents in one bias, which we call forward bias current J f , as compared to the other, which we refer to as the reverse bias J r [13, 19, 20] . To quantify the rectification of this spin chain we calculate R = J f /J r which we plot in Fig.  6 as a function of h/∆ for different system sizes (blue continuous line for L = 8, red dashed line for L = 6 and black dotted line for L = 4) and for the largest bias µ = 1. The spin chain with this configuration of the magnetic field results in an excellent spin current diode, with rectification as high as 10 8 for a chain of length L = 8. Moreover, the rectification increases significantly with the system size, and the forward bias current is, as shown in Fig.4 , sizeable, with peaks of the order of 10 −2 . Thus we have shown that applying this particular con-figuration of external magnetic field (+, . . . , +, −, . . . , −) in the negative differential conductance regime results in an excellent spin diode.
IV. CONCLUSION
We have studied the interplay between interactions and a non-uniform magnetic field in the negative differential conductance regime of a spin chain. We have used different types of disordered fields and found that, in general, disorder can reduce the negative differential conductance, although this effect may not be large, especially for larger spin chains. When using dichotomous disorder we have observed that current can be larger for some particular magnitudes of disorder, an effect related to the energy levels structure of the spin chain. We have also studied the role of each different configuration of the magnetic field and found two configurations which give the largest and the smallest currents. Since these two configurations are mirror symmetric, a spin chain with such magnetic field profile behaves as a highly performing spin current rectifier.
In future works we could consider the role of longerrange interactions, as the induced frustration could significantly affect the steady state. Another possible direction is that of considering the performance of the spin chain with the rectifying magnetic field for heat currents.
